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An analysis of the parametric equations and of experimental investiga- 
tions has shown the existence of a minimtlm in the heat transfer by free 
convection in water at temperatures below 277 ~ K, for positive temper- 
ature heads, not exceeding 16 ~ A physical interpretation of the ob- 
served effect is given. The displacement of the heat-transfer minimum 
as a function of the temperature head is given. 

Expe r imen ta l  inves t igat ions  in mo i s t  a i r  [6, 7] and 
in wate r  [5], at  t e m p e r a t u r e s  of the l a t t e r  c lose to 
277 ~ K, indicate that for speci f ic  conditions an " in-  
ve r s i on  of f r ee  convect ion"  can occur ,  consis t ing of a 
change in the d i rec t ion  of mot ion of the convect ive  
flux. In pa r t i cu l a r ,  [5] d e s c r i b e s  expe r imen t a l  r e su l t s  
of an invest igat ion of the phenomenon of invers ion  with 
negat ive t e m p e r a t u r e  heads (ice i m m e r s e d  in water) .  

The t e m p e r a t u r e  head is unders tood to be the ex -  
p r e s s ion  

0~=?~--t=. (1) 

We shall  call  the t e m p e r a t u r e  head pos i t ive  when 

t s > t w and negat ive when t s < t w. 
It is in te res t ing  to note that the min imum heat 

t r a n s f e r  in this case  occu r s  for  a wa te r  t e m p e r a t u r e  
of 278 ~ K (5 ~ C). The authors  of the a r t i c l e  ci ted [5] 
explain the ex is tence  of the phenomenon of invers ion  
of f r ee  convect ion in t e r m s  of the nature  of the t e m -  
pe ra tu r e  dependence of the coeff ic ient  of t he rma l  ex-  
pansion of wa te r ,  and introduce an e m p i r i c a l  fo rmuia  
for  calcula t ing the coeff icient ,  as applied to the case  
examined.  

Since it is known that the coeff ic ient  of t he rma l  ex -  
pansion is a function of the change of densi ty  and is 
defined as 

f3 -- d P/9 dr, (2) 

it is be t t e r  to explain the inve r s ion  phenomenon by the 
spec ia l  na ture  of the change of densi ty  of wa te r  with 
change of the wa te r  t e m p e r a t u r e .  This  approach leads 
to the conclusion that the inve r s ion  should be observed  
not only for  negat ive ,  but a lso  for  sma l l  pos i t ive  te rn-  
p e r a t u r e  heads.  In addition, we should expect  a d i s -  
p lacement  of the h e a t - t r a n s f e r  min imum along the tern-  
pe r a tu r e  axis as  a function of the value and sign of the 
t e m p e r a t u r e  head. To ver i fy  the hypothesis ,  we ana-  
lyzed p a r a m e t r i c  equations of the type Nu = f ( G r ,  Pr ) ,  
or ,  what, amounts  to the same thing, Nu = f ( A r ,  Pr ) .  

Analys is  shows that the p a r a m e t r i c  equations con-  
raining the de te rminan t  c r i t e r i o n  Gr or  Ar  conf i rm the 
ex is tence  of a c h a r a c t e r i s t i c  h e a t - t r a n s f e r  min imum 
and its d i sp l acemen t  along the t e m p e r a t u r e  axis as a 

function of the value and sign of the t e m p e r a t u r e  head. 
By way of i l lus t ra t ion ,  F ig .  1 shows graphs  of the 
re la t ion  Nu = f ( T  w) fo r  pos i t ive  t e m p e r a t u r e  heads of 

2, 10, and 16 ~ The graphs were  calculated f rom the 

equation [1] 

Nu = NUmin + 0.6 (At, Pr) 0.2'5, (3) 

where  Numi n = 2 for  a sphere  and Numi n = 0.5 for  a 
cyl inder .  
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Fig.  1. Theore t i ca l  re la t ion  (Nu/Numi n = 
= f ( T  w) for  t e m p e r a t u r e  heads: 1) 16~ 

2)  1O~ 3)  2 ~ . 

This equation can be r ep re sen ted  in expanded fo rm 
as follows: 

Nu -- Num,,~ + 0.6 ( ~  Pr~:9~ - -  P"~ 1~ (4) 
\ Vm Pw . 

A calcula t ion was c a r r i e d  out fo r  a sphere  of d i a m -  
e t e r  2 ram. 

In choosing the physical  p a r a m e t e r s  of the l iquid,  
the c h a r a c t e r i s t i c  t e m p e r a t u r e  t m of the boundary 
l aye r  was taken to be [1, 2] 

t,, - t| + t~ (5) 
2 

As can be seen  f rom the graphs ,  the posi t ion of the 
min imum is d isplaced along the t empe ra tu r e  axis as a 
function of the valu6 of the t e m p e r a t u r e  head. The law 
of d i sp lacemen t  of the h e a t - t r a n s f e r  min imum can be 
obtained by making use  of the analyt ical  express ion  fo r  
the dependence of wa te r  densi ty  on t e m p e r a t u r e .  As is 
known [4], fo r  many l iquids this  dependence can be 
approximated  v e r y  well  by the empi r i ca l  express ion  

9t = 90 + At  + Bt  2 + Ct 3. (6) 

F o r  wa te r ,  Eq.  (6) is somewhat  s im p le r  and has 
the fo rm 

9t = 9o -~- At  - - B l  2. (7)  
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It follows f rom [4] that the hea t - t r an s f e r  min imum 
will  occur  under  the condition 

Pw - -  Pm = O. (8) 

Substituting the value of the densi ty  f rom (7) into (8), 
we obtain 

A t e - -  Bt~. - -  Atm + Bt2~ = 0. (9) 

On the bas is  of (1) and (5) we can wri te  

0s 
t , ,  = - -~-  -5 tw. (10) 

Substituting the value t m f rom Eq. (10) into Eq, (9) 
and ca r ry ing  out the n e c e s s a r y  t r ans fo rma t ions ,  we 
obtain 

~ + os A 0. (11) 
4 2B 

Solving the equation obtained for tw, we have 

t~, = A O s (12) 
2B 4 

Since Eq. (7) is the equation of a parabola ,  the rat io 
of the constant  coefficients A/2B is numer ica l ly  equal 
to the t empera tu re  which cor responds  to the maximum 
densi ty,  which for water  is the t empera tu re  

tm~• = A / 2 B  = 4 ~ C. 

Going over to an absolute t empera tu re  scale ,  Eq. 
(12) takes the form 

T w = 277 Os (13) 
4 

Equations (12) and (13) a re  an analyt ical  express ion  of 
the law of d i sp lacement  of hea t - t r ans fe r  m in imum as 
a function of the value and sign of the t empera tu re  
head. 

In some cases  it is more  convenient  to operate d i -  
rect ly  with the t empera tu re  of the surface,  and then 
Eq. (12), taking into account Eq. (1), can be wr i t ten  
as 

t~ = 16 - -  t_______~ (14) 
3 

We shall  apply the d isplacement  law for water  in 
the liquid phase, which for pure water  cor responds  to 
the condition t w _> 0, t s __ 0. The resu l t s  obtained 
were  checked exper imenta l ly  in a t e m p e r a t u r e - c o n -  
t ro l led  volume of s t i l l  water  by changing the t e m p e r a -  
ture  of the la t te r  f rom 0 to 20 ~ C. The quanti tat ive 
m e a s u r e m e n t s  of the heat t r ans f e r  for posit ive t e m -  
pera tu re  heads were  ca r r i ed  out by means  of indi rec t  
heating [3] of semiconductor  t empera tu re  senso r s ,  
based on t h e r m o r e s i s t o r s  of the types M T - 5 4 ,  KMT 
(MMT)-I ,  and others .  The use of indi rec t  heating, 
with the appropria te  const ruct ional  form (surface heat 
source) and smal l  measu r ing  cu r ren t  pass ing through 
the t h e r m o r e s i s t o r ,  allowed us to obtain a t h e r m o -  
r e s i s t o r  t empera tu re  equal to  that of the sensor  s u r -  
face, with sufficient  exper imenta l  accuracy  for this 
purpose.  During the tes t  the given t empera tu re  was 

main ta ined  constant .  The heat t r a n s f e r  was d e t e r -  
mined from the e lec t r ica l  power supplied to the heater  
winding of the t empera tu re  sensor .  

The resu l t s  of some tes ts  for a sphere  and a cyl -  
inder  a re  shown in graphical  form in Fig.  2. The 
graphs show the cha rac te r i s t i c  m i n i mum and its d i s -  
p lacement  in accordance  with the ru les  es tabl ished 
above. Thus, an exper imenta l  conf i rmat ion  was ob- 
tained of the existence of a h e a t - t r a n s f e r  min imum 
and its d isp lacement  as a function of the t empera tu re  
head, for  the case of low posi t ive t empera tu re  heads. 

The exper imenta l  resu l t s  of [5] confirm the law 
es tabl ished for the d i sp lacement  of the min imum,  for 
the case of negative t empera tu re  heads.  

In fact,  for the case of ice in water  the t empera tu re  
of the ice surface can be taken as equal to t s = 0, 
which, f rom Eq. (14), cor responds  to a h e a t - t r a n s f e r  
min imum of 

16--0 
t~ = - -  -- 5.3 ~ 

3 

The min imum obtained exper imenta l ly ,  as was 
mentioned above, is located at a t empera tu re  of 5 ~ C. 
As can be seen,  the d i sc repancy  in the resu l t s  is i n -  
s ignif icant ,  and fal ls  within our es t imate  of the l imi t s  
of exper imenta l  accuracy .  

On the bas is  of the exper imenta l  and theoret ica l  
data presented ,  it can be a s se r t ed  that for low posi t ive 
(0 s = 16 ~ and negative (0s = - 5  ~ t empera tu re  h e a d s  
a m i n i mum heat t r a n s f e r  in f ree convection occurs ,  
the posit ion of the mi n i mum being displaced along the 
t empera tu re  axis in the range 0 to 5.3 ~ C. 

The mi n i mum heat t r ans f e r  observed for smal l  
posi t ive t empera tu re  heads and the law of the d i sp lace -  
ment  have not been explained, as far  as we know, 
e i ther  in the Russ ian  l i t e ra tu re  or abroad.  However,  
the existence of the effect is undoubtedly of in te res t ,  
both from the viewpoint of in te rpre t ing  the phenome-  
non, and as regards  ce r t a inapp l i ca t ions .  The observed 
effect can be given a s imple  physical  in te rpre ta t ion .  
As has a l ready been ment ioned,  the densi ty  of water  
va r ies  according to a parabol ic  law, and has a max i -  
mum at 277 ~ K (4 ~ C) (Fig. 3). If we place a heated 
body in water  at a t empera tu re  less  than 277 ~ K, then 
at some value of the t empera tu re  head the t empera tu re  
t m in the boundary layer  can prove to be g rea te r  than 
277 ~ K, whereupon the water  densi ty  remote  f rom the 
body, Pw, and in the boundary layer ,  Pm, will  then be 
equal,  Pw = Pm. Thus, in spite of the p resence  of a 
t empera tu re  gradient ,  f ree  convection will be absent  
or  will be prac t ica l ly  min ima l ,  and the heat t r a n s f e r  
will then be due to the rmal  conductance of the water ,  

Nu ~ Numi n. 
In conclusion we note that there  is a region of ap -  

pl icat ions where we a re  concerned with smal l  t e m p e r -  
atui~e heads at water  t empe ra tu r e s  near  4 ~ C, i . e . ,  
with conditions in which the observed effect occurs  
and mus t  be taken into account.  In pa r t i cu l a r ,  such 
condit ions exist  in m e a s u r e m e n t s  of smal l  water  flow 
veloci t ies  by means  of t he rma l  i n s t rumen t s .  This 
m i n i mum in the heat t r ans f e r  can be used in cases  
when it is requi red  to d imin i sh  or al together  to remove  
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Fig. 2. E x p e r i m e n t a l  d e p e n d e n c e  of 

(Nu2~ - Nut)/Nu293 - A (%) a s  a 
f u n c t i o n  of Tw: 1) f o r  s p h e r e  d = 
= 2 m m ,  ~s = 7~ 2} f o r  c y l i n d e r  
d = 3 . 5 r a m ,  L = 2 0 r a m ,  ~s = 2"1~ 

gg%  277 279 28,' T~, 

F i g .  3. P a r a b o l i c  r e l a t i o n  of w a t e r  
d e n s i t y  as  a f unc t i on  of  t e m p e r a t u r e .  
The  g r a p h  s h o w s  the  e q u a l i t y  of the  

d e n s i t i e s  Pw = Pm f o r  the  c a s e  T w = 
= 275 ~  and T s =  283 ~  
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free convection in water near moderately heated 
bodies. 

NOTATION 

t is the temperature, ~ C; T is the absolute tem- 
perature, ~ K; p is the density, kg/m3; u is the kine- 
matic viscosity, m2/see; g is the acceleration due to 
gravity, m/see2; I is the characteristic body dimen- 
sion, m. The subscripts indicate the conditions to 
which the quantities pertain; m is the boundary layer, 
s is the body surface, and w is the medium remote 
from the body. 

REFERENCES 

1. G. Greber, S. Erk, and U. Grigull, Basic Heat 
Transfer Theory [Russian translation], Moscow, 
p. 372, 1958. 

2. M. A. Mikheev, Basic Heat Transfer [in Rus- 
sian], Gosenergoizdat, 1956. 

3. L. A. Oborin, collection: New Measurement 
Techniques and Instruments for Hydraulic Research 
[in Russian], Izd-vo AN SSSR, Moscow, pp. 56-59, 
1961. 

4. B. P. Nikol'skii (ed.), Chemistry Handbook, 
Vol. 1 [in Russian], Moscow-Leningrad, p. 568, 1963. 

5. J. A. Dumore, H. J. Merk, and J. A. Prins, 
Nature, 172, No. 4375, p. 460-461, 1953. 

6. R. Hilpert, VDI Forsch . ,  no. 355, 1932. 
7. R. W. PoweU, Phil. Mag., 29, 274-284, 1940. 

2 March 1967 Institute of Construction 
Engineering, Leningrad 


